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QUASISTATIC THERMOVISCOELASTIC FIELDS IN AN 

INFINITE BICOMPOSITE CYLINDRICALLY 

ISOTROPIC PLATE 

M. P. Lenyuk and G. Ya. Stopen' UDC 539.32:536.244 

With the most general assumptions (within the framework of classical thermo- 
mechanics) nonsteady temperature fields and thermoviscoelastic fields of dis- 
placements and stresses induced by them are constructed in an infinite bicompon- 
ent cylindrically isotropic plate. Examples of Blot-Maxwell, Blot-Kelvin, and 
Maxwell-Kelvin plates are presented. 

i. Nonsteady Temperature Fields. The problem of the structure of a nonsteady tempera- 
ture field in an infinite bicomponent cylindrically isotropic (c. is.) plate leads mathemat- 
ically to the construction of the solution of a separate system of B-parabolic equations 
bounded in the domain D = {(t, r); t -> 0, r e I~ = 0), R)U(R, ~)} [i] 

l O T ' 2 (  Oz l O ) 
2 + •  J-- - - + - -  T j= f s ( t ,  r), 1 = 1 , 2 ,  (1) 

a i Ot Or z r Or i 
with the initial conditions 

Tllz=o=gz(r), r~(O, R), T~[t=o=gi(r), r6(R, oo), (2 )  

and t h e  c o n d i t i o n s  o f  n o n i d e a l  t h e r m a l  c o n t a c t  [2] 

, - 2 i - -  + 1 = o, o r ,  
r=R Or - ~ - r  )I~=R = 0. (3 )  

The solution of problem (1)-(3) can be constructed by the method of integral Fourier- 
Bessel transformation on the polar axis with one conjugate point [3]. We omit the mathemat- 
ical operations and find that the nonsteady temperature field in the plate under considera- 

2 2  22>0) tion is described by the functions (on the assumption that k~2 ~--a2K 2 - aiK 1 _ 

I R I 
i Hj~ (t, r, #) g~ (p) pdp + 

0 R 

0 0 R 

/ = 1 ,  2. 

I n  f o r m u l a s  (4 )  we i n t r o d u c e d  i n t o  c o n s i d e r a t i o n  t h e  i n f l u e n c e  f u n c t i o n s  

(4) 

h'11 (t, r, p) 
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2~,~ a'. b~ _ _  2~ -- r r t ~ ~ e_X,t ~,d~, H ~ ( t ,  r, p ) =  ~ R  ~ ~ o ( ~ ) e  

r ~,al ) _a2~2t 
I-l~l(l' r' p)-- 2~l bf d~ " bl (--P, ~o ( b2a2 r, % e -x't gdg-eo) ,~) 2 2  

-'~2~2t i (O~ ) qbo ( ~ _  p. ~,) e--~.=t ~,d~, H~(t, r, p ) =  e 2-~ q~o r, ~ 
o , a~ , o~(X) 

o~ 0 0  = co~ (~,) + o~ (~), 

b ' 

b 2 = ~2 + k ~ , 2 1 ,  b,~ = ~, 

i~ rl. = r -- ~ (~) Jo 
\ a~ ) 

(5) 

2 2 2 2 > 0, b I = ~, b~ = ~2 + k~ 2 in formulas In the case of the inequality k~2 ~ azKZ -- azK2 - 
(5), and the factor exp(--a~K~t) is replaced by exp(--a~K~t). 

We note that the parameters r12 , K~, K~ contained in the formulation of the problem (i)- 
(3) make it possible to pick out from the common structures (A), (5) all the cases most fre- 
quently used in engineering practice: a) the lateral surfaces of both componentsare heat- 
insulated (K~ = K~ = 0); b) the lateral surface of the first part of the plate is heat-insu- 
lated (K~ = 0), and through the lateral surface of the second part of the plate heat exchange 

a2~2), c) through the lateral surface of occurs by Newton's law (K~ ~ 0, b2 = ~, b~ = ~2 + 2 2 . 
the first part of the plate heat exchange occurs by Newton's law (bl = X, b~ = ~2 + aiKl2 2 and 
exp(-a~t) are replaced by exp (--a~K~t)) and the lateral surface of the second part is 
heat-insulated (K~ = 0). On the mating surface r = R ideal themal contact (r12 = 0) as well 
as nonideal one (r12 ~ 0) can be effected. 

2. Quasistatic Thermoviscoelastic Fields. On the assumption that a bicomponent c. is. 
plate is elastic and free of external load, the quasistatic stress field induced by the non- 
steady temperature field (4) is described by the functions [4] 

u j - - ( 1  - - ] - v j ) ~ t Y j ( t ,  r) E ~ =  2 , 
r ' 1 - -~ t  (6)  

[< d i) 1 ~,~,j(r, t )=E . J  v ] -~ r  -r r u f - - (1  + vj)cz~iTj( t ,  r) , ] =  1, 2. 

Here the functions uj(r, t) are bounded on the set Ii by the solution of the separate system 

of inhomogeneous Euler equations 

( d 2 1 d 1 ] OTj (t, r), ] =  1, 2, (7) 
-~ r dr r 2 u ~ = ( l + ~ j ) = t j  

according to the ideal conditions of mechanical contact on the mating surface: 

[u~ (r, t) - -  u~ (r, t)]{~=R = 0, 
( 8 )  

+ .  ~'~ Ul - -  t '~ ~ + u~ = g~  (t). 
r I" r=R 

Here the following notation is introduced: 
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~'~ = ~:--~-- E~ 1 - - ~  

g12 (t) = 6r (1 -}- '~1) T1 (l, R) - -  ~2~zt2 (1 -}- %) T~ (t, ~). 

The elastic 
tions: 

solution of problem (6)-(8) was constructed by the method 

/~ (1 -l- %)cq,  
u~ (r, ~,)= &~ , , @  5 r~ (t, 0)pep ~?~ x 

0 

X IT~( t ,  9) 9 d o + r  Tx(t, p) odp , 
r b r 

An = 20~tl (1 -}- V0 , 
1 + V 1 + ~21 (1 - -  'V2) 

//3 (r, t) = All  1 ~. 
__1 Y 

r I (t, P) PdO .qt- (1 + %) ~zt~. S T~ (t, P) pd9, 
r "~ r R 

E1 t A.  O'r,,,1 (r, l) = 1 -- ,------~- [ R z ~ T, (t, 9) pdp -}- 

I( /! _1_ ( ] + ~1) (7"l:1 1 --]- 1 ---  "~1 _~2 �9 R T, (/, 9) 9d9 -t- T1 (t, p) pdp , 
Rm 1 + % r z ' ; 

El 
tlrp~,l (r, t) -- 

1 - -  V~ 

(1@%)(z*1 [ (  1 R  2 1 1 

R 
+ j' Tt (t, 9) 9d9 -- 

r 

tYrr,g ( r ,  t) 

- -  I An R 
( r z . IT  l(t,  p) P d 9 - -  

0 

--Vl~_vl ~z ).o(Tl(t, p) pdp_} - r 2  

~tl (1- Wl)TI (t, r)]}, 

1 + / f r ,  (t, p)oe0 + 
0 

R 

A1 * R 
r ~ ~T l(t, p) pd9+ 

0 

%e (1 -t- ~'~.) + 
/-2 

%~,~ (r, t) - -  E= 
1 + %  

cQ2(1 + ~ )  
+ (T~(t, p)0d9--%~(1 + ~ ) r ~ ( t ,  r) 

r 2 R 
We a s s u m e  now t h a t  t h e  b i c o m p o n e n t  i n f i n i t e  c .  i s .  p l a t e  i s  v i s c o e l a s t i c .  

me thod  o f  e l a s t i c - v i s c o e l a s t i c  a n a l o g y  [ 5 ] .  

We determine the functions 

A ~ ( %  ~ ,  E~, E2) = ~ ( 1  + ,~) 1 - -  v~ - -  ~2~ (l - - ~ )  , 
1 + vl + ~n(l - -  %) 

I 
Bll (vl, %, El, E~)= E 1 A 1 2 - -  - -  

] - -~ '1  

l i ~ i  1 - - , q - - ~ 2 1 ( 1 - - v ~ )  
(Ztl ~" 1 

1 - - ~ 1  1 + ~ + ~ 1 ( 1 - - ~ 2 )  

B21(%, %, El, E o ) =  2~,IE2 1- t -% 1 
l + v 2  l + v l + B . l ( l - - , h )  

of Cauchy func- 

(9) 

We use the 
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In Laplace transforms we have 

r ,.R r * 
ut (r, p)= A~2--~! T~' (p, p)pdp-~,1(l  + ~ ) I  S T, (p, p)PdP, 

f 0 

u * (r, p) An @ !R" T~ (p, p) pdp -~ o~t2 ( l .-~- ,~2)1 i 2 = T~ (p, p) pdp 
r R 

1 f , 1 •'v* �9 ~ Tl (p, 9) pdp - -  oh~E1--7- ./ -x (P, 9)pdp, (y~,,,(r, p ) = B t l  R~ o o 

�9 ( f '  P)  -= N i l  ,f T* (p ,  p)  Pd9 -1- O'qocp, 1 

0 

+ ~ .I r~  (p, p) 9dp-- o~tIEIT ~ (p, r), 
0 

R 1 1 
(T*  (p, p) pdp, <Y~*,,2 (r, p) = --B~.l - - ~  ~ T~ (p, p) Pd9 -- oh2E~ 

0 ~ R 

1 
~%,2(r, p ) =  B ~ - 7 .  [ Tt (p, 9)9d9+  

0 

1 r * 
+ ~tzEg 

I 
R 

In accordance with the elastic-viscoelastic ana logy  we obtain 

1 r 

+ ="-- I (I + ~* (p)) T*(p, p)ede, 
r 

~* (r, p) 1 R u2 -- ( A*, (p) T* (p, p) pdp -t- 
r i~ 

-[- at2 - - I  (1 + ,~* (p)) T* (p, p) 9dp, 
r R 

A*j (p)~ At i @* (p), ,~ (p), E* (p), E~ (p)), 

B~(p)=B* (,* (p), v* 2j 2(P), E*(p), E*(p)), 1 = 1 ,  2, 

v,  1 R 
a~. ,  (r, p) = ~ ! B*, (p) T* (p, 9) 9d9-- 

l r * 
--O:n--~-~ E , (p)T~ (p, p)pdp, 

0 

~* (r, p)-- 1 !R ~ , ,  ~ B% (p) T* (p, O) odp + 

1 R 
-t- a,1---~- S E~' (p) T* (p, p) pdp - -  atxE* (p) T[ ~ (p, r), 

0 

v,  1 R 
arr.2(r, p)-- r ~ .I B*l(p)T* (p, 9)pd9--  

0 

F 
1 E*  - ~ '~-77  S ~ (p) T* (p, p) odo, 

R 

( i0)  
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~ R 
= 9, (p)T~ (p, p)pd9+ o;t2(r p t - ; c . f  B* 

0 

r 

+ '~,~ ~ .I E* (p) r t  (p, o) 4,- -  ~,~Et (p) T* (p, r). 
R 

Here u~(r ,  
under cons ide ra t i on ;  
s t r e s s  f i e l d  in tha t  p l a t e .  

We bring into consideration the 

t) are functions describing the viscoelastic field of displacements in the plate 

oVr,j(r, t), ogr t) are functions describing the viscoelastic 

operator functions 

1 

Ej t, ~ ---= 2~i 

- -  21 (P) ePtdP, 

(11) 

0 ) 1 ( ( l+v~(p))&~dp,  ] =  I, 2, cj t , - - ~ - =  2~---7-~ 

where y is the Bromwich contour [6].  
Reverting in formulas (i0) to the original, we obtain functions describing in the in- 

finite bicomponent c. is. plate the quasistatic thermoviscoe!astic field of displacements and 
stresses: 

r; (+/* (+)* 
u,(r, t )=  RZ AI~ t, T l(t, 9) 9d9 + ~ t ~  1 t, Tl(t, p) pdp, 

0 , t Y ~ t 

-- All t, T1 (t, 9) 9d9 + 
Y t 

-+- ~162 rl !. C~ t, - - ~ -  T~ (t, p) pdp, 

1 R ( 0 )  * 

' i ( 0 ) *Tl ( t '  9)9d9' - -  ~" - T U  E1 t, - - ~  t 

v l R ( + ) *  
o**,l(r, t ) = ~ ! t 3 1 1  t, t T l(t, o) gdp+ 

+i ~ (o), + ~,i ~1 (t, --07- ~ T1 (t, 0) pal0-- ~.E,. t, -$t-- 

1 ~ ( 0 ' )*  
SB21 t, Tl (t, 9) 9d9 - -  ~ , 2  (r, t) -- r 2 Ot j t 
0 

4~,~ (~, t) = -7--  ! B= t, ---b-F,, T~ (t, p) od~ + 

+ a,2--TU- 2 [E2 T2(t, 9)odp--oct~E2 --~--)t 
r ;~ Ot }t 

T1 (t, r), 

T~ (t, r). 

(12) 
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Here, (~) is the convolution of the operator function with respect to the argument t [7]. 

Let us consider Biot's, Maxwell's, and Kelvin's materials which are the most widely 
used ones in engineering practice. 

Example i. Blot-Maxwell Plate. According to [4, 5] we have 

81 - -  

v* (p) = *~o = const, E* (p) = Eao (1 ~ ) + ~ , 

, p + a ~  , p 
~ ( p ) = a , - - ,  E2 ( p ) = a ~ - -  

p + a~ p + a3 

sl 2s, 
a 2 -- , a3 -- , 0 ( e , - -  1) 0(1 + 2~,) 

1 + ~ o  , A ~ ( p ) = c t  (1  
I - -  2~'2o 

2~1 Elo (1 + al) 
C 1 --~ , 

E~o(1 + a O  + a~(1--  Vto) 

1 bl (bs - -  b0 •  
p + ~ (bl - -  ~)(p + b0 

b I = 

E* = aa (1 

1 + b ~  

c~Elo {1--  8 - -  
B~, (p)= i--~,i------~ 

cla~ ( 1 
B~*~ (p) 1 + al 

Elo = const, 

2 (81 - -  1) 
, a I -- 

1 + 281 

6stG~o 
1 + 281 

A*2 = c~ (1 + bs--b------A-L)p -J-b1 

b3--s  X 
bl - -  s 

p +  bl ' 

c2=~*t(1--Wlo) E l o ( l + c q ) - - a ~ ( l + v t o )  , 
Elo (1 -+- al) + aa(1 -- ~to) 

Elo (a3 + ala2) + a,, (1 - -  vto)8 , b2 = a.~ + ala2 
Elo (1 + at) + a~(1 - -  Vlo) 1 + at 

aa ),  l + v * =  l+ax- t -  al(as--as) 
p + a~ p + as 

Elo (as + a~a~) - -  a~ (1 -I- "qo) s 
bs = 

Exo (1 + al) -- aa(1 -{- V~o) 
an infinite bicomponent c.is, 

bl, 

The operator functions for 
lated by formulas (ii): 

In 
ments in 

Blot-Maxwell plate are calcu- 

A** -- c~ [8 (t) + b~ e-b'q, A~ ----- c~ [~ (t) + (b~ -- b,) e-b't], 

{ bs--8 e-a-~ bl(b3--bt) } B t l  - -  c2Eto  ~ ( t )  - -  8 e -~'~ 
I -- ~to bl - -  8 b, - -  e ' 

B~t -- cla~ [8 (t) - -  bt e-ba], E~ = aa [6 (t) - -  as e-a'tl, 
! + a l  

cx ~ 1 + ~1 = (1 --l- vto) 6 (t), cz - -  1 + v2 = (1 + at) a (t) -I- 

+ at (a2 - -  as) e -a"t, E1 = Elo [6 (t) - -  se-~t I. 

accordance with formulas (12) the quasistatic thermoviscoelastic field of displace- 
a Bier-Maxwell plate is described by the functions 

r R r 
u~(r, t ) = c 2  R-- ~ ! T ~ ( t ,  p) p d p + a t ~ ( l + , ~ o )  .lr o j 'T t ( t '  p) pdp-t- 

t R r 
-[-c~(b3--bl)--~- ! ! e-bd/-Z)Tl(% p)pdpd,~, 

1 R r 

u2(r, t) = c t - - } ' r  T~(t, p)odp-t-a,~(1 + a  0 rl h~ T2(t, p)pdp -}- 

r ! e-bt(/-1;)Tl( 'IT'  o)DdpdT' *3[-(zf2~1(a2-- a 3 ) ' ~ l r  ~ R~e-a'(t- '~)V2(%' P) odod~" 

(13) 

636 



Hence follows that the viscoelastic field of displacements is the sum of the thermo- 
elastic field of displacements and of the field of displacements originating on account of 
the viscosity of the material. In the structure of the quasistatic thermoviscoelastic field 
of displacements in the Biot plate (the first part of the bicomponent plate) the temperature 
field of the Maxwell plate (the second part of the bicomponent plate) does not participate. 

The quasistatic thermoviscoelastic stress field in the Biot-Maxwell plate under consid- 
eration is described by the functions 

(yrVr, l(r, t ) - -  c2Elo 1 bi 1 5 1 -- V~o R ~ T~ (t, p) pdp -- ~tl Elo - ~ -  .! T~ (t, p) pdp + 
0 

c2E~~ - - 8  " 

"+ R z ( 1 - - % o )  o b z - - e  

+ bl ba - -  b_____l e-b,(t-,) ] T1 (% p) pdpd'~ -+- 
b~ - -  e ] 

+ ~ .Go8  7 J" e -~" -~  r l  (T, p) pdpd~, 
0 0 

v %~,1 (r, t) ~ Orr,V 1 (r, t) -~- 2cqlElO - - .  T1 (t, p) pdp -- 
0 

! r t 

0 0 0 

(14) 

R 

(,-, t) = 1 [ I r ,  (t, 
1 + al  r 2 " 

0 

t R I r 

0 0 R 

t ~e_adt_, ) ] v v 
- - a a , i  J T~(a;, p)pdpdT , %~,2(r, t )=- -ar~ ,2 ( r ,  t ) - -  

0 R 

t 

0 

Hence follows: i) in the Blot plate the thermoviscoelastic stress field is induced by 
the temperature field itself; 2) the quasistatic thermoviscoelastic stress field in the Biot- 
Maxwell plate forms as a result of the superposition of the thermoelastic stress field and 
the stress field arising on account of the viscosity of the material. 

Example 2. Blot-Kelvin Plate. In accordance with [4, 5] we have 

v* (p) = Vlo = const, E ~ : = E l o ( 1  ~ ) , p + 8 ,  Elo=const ,  

3ao 
0 1 + V~o 

**  (p) = -- I + 
P +  l + 2 a o  ao 1--2%o 

0 
2a0 

I ) E* 3E2o (3 
2 (P) - 1 - - 2 % o  1 - -  l + 2 a o  ' 

0 
According to formulas (11) we obtain 

An  = 2%1Elo (1 + %o) . e-b,t lb2 ch b2t - -  bj sh b~tl, 
0E~o (1 - -  %0) b~ 
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r 
t R 

1 Wlo S All (t -- X) T~ (% 9) pdpdz, 
+ ~ - - T  -~- o 

u~ (r, t) : 1. j" A~ (t--  I:) T~ (%, p) pdp + 
/- . 

0 0 
r 

~t lEl~  l R -~-z i 
o'~,.,, (r, t) = 1 %0 ! o -- R 2 T~ (t, 9) 9d9 -- ~t~E~o T, (t, 9) 9dP -I- 

i 1 t 

+ - - ~ -  o o o o  

- -  -- T~ (t, p) pdp + ~z~E~o T~ (t, p) pdp-- 
o,w,,(r, t ) = - -  1--V~o R z !' 8 

AI~ = - -aa6  (t) + ~176 (1 + %0)(2 --  %0) e-b,~ (b~ ch b~t - -  bl sh b#) = 
b2OE~o (1 -- ~qo) 

( 1 ) ~1 
- - - - % o  All, B n = "  - - E l +  : - - a t 1 6 ( t ) +  1 2 1--%o 

anE2o (1 + %0)(2- %0) {6Ze-~t + e-b~ [ b 2 
+ OE2o (I - -  %o) 2 [(8 - -  b ~ ) -  b~] ((b~ -}- 2) ~ + 

b2 

: %E~o 8(t)+m(t), B~i= 0E~o J~,  
I -- %o 1 + %0 

3E~o 6(t)--  2ao e 
E l = E l o [ 6 ( t ) - - s e - a ] ,  E~-- 1--2%o 0 

3ao -o+2~o, o + E~o(1 + ~ o )  
c~=(l+w~o)6(t),  c 2 = - - v - - e  , 2 b ~ = s +  + 0E~o(1--W~o) ' 

/i 2b~= s +  + 2  ~ +  0E~o (1-- %o) 0zEro(1-%o) 2 

According to formulas (12), the quasistatic thermoviscoelastic field in 

plate is described by the functions 
F 

u~ (r, t) = --~zt~ T~ (t, p) pdo + ~t~ - -  (1 + %0) 9) , 

-- oqlEloT 1 (t, r) + - - ~  o 

t �9 

x .[ .[ e-*-" r~ (.~, p) 
0 0 

0E2o 1 C (r, t ) = -  fF, 9- 

3E~oa t~ 
1 -- 2%0 

6aooq2E~o 1 
0 (1 -- 2%0) r z 

t r 

--5 .I ~ 
0 R 

the Blot-Kelvin 

i 1 x m (t--  ~) T, (x, O) 9do --  ~tlE,oe rZ 

t 
pclpd~ + ~z,~E,o8 ~ e -a*-~) T ,  (T, r) d~, 

0 

t R 

S ,!' A.  (t-- ~) T, (~, p) od~-- 
0 0 

F 

~ T2(t, 9) 9d9+ 

I+2ao (t--T) 
o T2 (% P) pdpd% 

(15) 
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+ 

7) 
% ~ , 2  (r,  t) - 

3 a t ~ E ~ o  1 
1 - -  2V~o r 2 

3~t~E~o 
1 - -  2V~o 

1 §  r z J" J ' A ~ ( t - ' O r ~ ( ~ '  p)odp+ 
0 0 

[ .(Tz (t, p) pdp - -  - -  

R 

r 
2aOO ! ~  e - ~ ( ~ - ~ ) T e ( ' c '  p)pdpd'~ 1 -  

i T~ (t, r) ,t' e -  T~ (% r) d~c) . 
0 o 

The deductions from formula (15) 
plate. 

Example 3. Maxwell-Kelvin p!ate. 

are the same as 

We have [5]: 

s deductions for the Blot-Maxwell 

According 

_ _  2 (s ,  - -  1) ~?=a~ p + a ~  , E * ( p ) = a ~ - - P P - - - ,  a ~ -  
p + a~ p + a~ 1 + 2~z 

8x 28x 68~G~o 
a,) - -  , a8 - -  , ~4 

O~ (8~ - -  !) 0 x (1 + 2s , )  1 + 2r 

3ao 
1 + V~o v*  = - - 1  + O~ 

~ =  1--2V~o ' l + 2 a o  ' p - k  
0z 

2a0 

(i 1 E* 3E~o _ _  0~ 1 + v~o 
-- 1--2V~o l q - 2 a o  , ao- -  1--2V2o 

P + .~ 
0~ 

to formulas (ii) we obtain: 

bl b2t ( A ~ = 2 ~ e -  shbd,  A ~ - - - - a t ~ ( l  ~ a  0 6 ( t )+  

a3 - -  wa3 + W e-~l  (~, - -  2b~) Pl + W - -  b~ 
+ (a3 -}- p~)(a3 @ p~) P P~ - -  p~ + 

+ 

+ (dP~-~'~IP2-~'~21--~--"--~G = --P2) ep2t } ~ - ( X t l  ( I "~- ~I)  (~ (~) - I[[ 2 (~)) Pl'2:b2++-b4' 

P~-+-?lPl+Y~ ] [ - -  a3 (pl -q- a~)(pl --p2) eV't - -  . (?~ - -  262) P2 + ]'~ - -  bs 
P l  - -  P2 

- -  a 3 

p~-ILylp2-~-y2 ] a~ - -  ylaS -~- y2 } 
(p~ + a~)(p~ - -  p~) e ~ - -  a~ (a. + px)(a~ + p~) e ~.t 

1 + a ~  
- - ~ , ~  - -  6 (t) + m,~ (t),  

1 - -  a~ 

1 - -  al O~ (& - -  P2) 

( 1 - -  26202) P2 - -  b30z ] a~ e pd ~ 2~tl 
00. (,o~ - -  P2) / 1 - -  al 

- -  ~ (t) + m ~ (t), 

E1 = aa [6 (t) - -  a3 e-~t],  Ez - -  

3E~o [ 
| 6 (t) - -  

1 - -  2'92o L 
2ao - e  
0~ 

1 +2ao0~ i ] 
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bl = o:tla ~ (1 + ~o) 2b~ = aa - -  ala~ @ 1 @ a~ (1 -~- V~o) 
0~E~o (1 --  a~) ' 1 --  at 00. 0eE~o (1 --  a~) 

a3 -t- aaa~ b~= a~--a~a~ , b24=b 2 - b ~ > O ,  v~ . . . . .  + 
( 1 - -  ax) O~ 1 + aa 

+ 1 a~ (1 + ~o) �9 a3 + ata~. 
V2 

0~ 0~E~o(1 + aa) 0~(1 -~- a~) 

I + v~ = (I + a~) 6 (t) + a~ (a~ - -  a~) e -~"~, 3ao 
e 

According to formulas 
described by the functions 

I + v~ - -  O~ 

(12), the thermoviscoelastic field in 

l + 2 a o  
0~ t 

the Maxwell-Kelvin plate 

R 

u](r, t ) = ~ r  [--an(l+a 0o j' T1(t' p) pdp-- 
t R r 

-- . f  .I mu(t--%)Tx~'~' p)ododx]-t- a ' l - ~ l  [ (1 +aO. I  Tx(t' P)OdO + 
/- 

0 0 0 

t r 

0 0 

l + a ~  1 f C~, ,  (r, t) : - - ~ a ~  1 - -  a 1 t?, ~ T 1 (t, P) 9dp - -  

- -  a,laa T1 (t, p) Pd9 + ~ ra3 (t - -  -c) T1 (% p) 9dpd~ + 
0 

1 e_~.(t_~) T1 (~, p) pdpd*, 
+ atta3a~. .( r-- ~- 

0 0 

l + a ~  1 R 
%~,1(r, t )=--at~a~ l - - a 1  R ~ ! Tl(t,  p) pdp+ 

1 ; 
+ oqla~ - ~  .} T1 (t, P) pdp - -  a,la~T1 (t, r) + 

0 

+ ~ ~ m3 (t - -  "c) T 1 (% p) odP - -  o~,lasa~, r ~ 

- -  6~t2 

t r t 

0 0 0 

uV2(r, l ) = 2  bib_, _l_:r  b "'f e -b ' ( t -~ ) shb ' ( t -~ )T l (T '  p)pdpd* + 

3 r t l+2ao (t--z) 
a~ f e O~ + cote ~ C T~ (% p) pdpd% 

o~,2(r, t) =--2o:,1 a~ 1 "~ 1 - - a  1 r ~ -! Tl(t '  p) p d p - -  

3E~o 1 r @ t R 
1 --  2,,o r 2 j" T, (% p) pdp - -  .I S ~ ( t -  %) T 1 (%, D) pdpd'~ "t- 

R 0 0 

6aoE~o 1 ~ ~ 1+2~o 
t(zt~ 0~(1--2~to) r a ,re o, T~,('~, p)pdpd% 

0 R 

i s  
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R 

3~zt2E~o 1 ~ , l ~{ R 

R 0 0 

6ctdxt~E~o t r ] 4 2ao (t-,~) 
- -  l i e -  0----7-- T2('r,  p) p d g d * - -  

O~ (1 - -  2~o) r 2 J~ 

3e~o [r~(t, o 2~~176176 ] 
- - ~ t 2  1 - - 2 ~ % o  0~ h e e~ ' T 2('~, r) d~ . 

The deductions from formulas (16) are the same as the deductions for the Biot-Maxwell 
plate (we replace Blot-Maxwell by Maxwell-Kelvin). 

Repeating the above considerations, we can easily obtain formulas for calculating the 
thermoviscoelastic state of Maxwell-Biot, Kelvin-Biot, and Kelvin-Maxwell models. 

NOTATION 
. . 2 j, thermal conductivity; aj, thermal diffusivity; ri2 , coefficient of heat resistance; 

e -i, time of relaxation; e, time lag; Gl0, shear modulus of the Maxwell plate; vi0, Poisson 
ratio of the Maxwell plate; v20, Poisson ratio of the Kelvin plate; E2Q , modulus of elastic- 
ity of the Kelvin plate. 

1, 

2. 
3. 

. 

5. 
6. 

7. 
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